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(b) Graphing f(x) = x 5 — 5x 3 + 4x and f'(x) = 5x 4 — 15x 2 + 4 on [—3, 3] by [—7, 7] we see that each x-intercept of 
f'(x) lies between a pair of x-intercepts of f(x), as expected by Rolle's Theorem. 


y 



(c) Yes, since sin is continuous and differentiable on ( — oo, oo). 

59. f(x) must be zero at least once between a and b by the Intermedíate Valué Theorem. Now suppose that f(x) is zero twice 
between a and b. Then by the Mean Valué Theorem, f'(x) would have to be zero at least once between the two zeros of 
f(x), but this can't be trae since we are given that f'(x) 0 on this interval. Therefore, f(x) is zero once and only once 

between a and b. 


60. Consider the function k(x) = f(x) — g(x). k(x) is continuous 
and differentiable on [a, b], and since k(a) = f(a) — g(a) and 
k(b) = f(b) — g(b), by the Mean Valué Theorem, there must 
be a point c in (a, b) where k'(c) = 0. But since 
k'(c) = f'(c) — g'(c), this means that f'(c) = g'(c), and c is a 
point where the graphs of f and g have tangent lines with the 
same slope, so these lines are either parallel or are the same 
line. 


y 



61. f'(x) < 1 for 1 < x < 4 =>■ f(x) is differentiable onl < x < 4 => f is continuous onl < x < 4 f satisfies the 
conditions of the Mean Valué Theorem => ^ ~ 1 * = f'(c) for some c in 1 < x < 4 => f '(c) < 1 => ^ ~ f ^ < i 
=► f(4) - f(l) < 3 

62. 0 < f'(x) < 1 for all x => f '(x) exists for all x, thus f is differentiable on (—1, 1) => f is continuous on [—1, 1] 

=> f satisfies the conditions of the Mean Valué Theorem => = f '(c) for some c in [—1, 1] => 0 < f ^~ 2 f ^~ 1 ' > < \ 

=^0<f(l) -f(-l) < 1. Since f(l) -f(-l) < 1 =>f(l) < l+f(-l) <2 + f(-l), and since 0 < f(l) — f(—1) 
we have f(—1) < f(l). Together we have f(—1) < f(l) < 2 + f(— 1). 

63. Let f(t) = eos t and consider the interval [0, x] where x is a real number. f is continuous on [0, x] and f is differentiable on 
(0,x) since f'(t) = —sint =>■ f satisfies the conditions of the Mean Valué Theorem => f ^_7(o)°^ = f ; ( c ) for some c in 

[0,x] => = —sinc. Since -1 < sinc < 1 => -1 < -sinc < 1 => -1 < < 1. If x > 0, -1 < < i 

=> — X < eos X — 1 < x => |cos x — l|<x=|x|.lfx<0, — 1 < cos ^~ 1 < 1 => — X > eos x — 1 > X 

=> x < cosx — 1 < —x —(—x) < cosx — 1 < —x => |cosx — 1| < —x = | x |. Thus, in both cases, we have 

|cosx — 11 < | x |. If x = 0, then |cos0 ~Y| = |1 — 1| = |0| < |0|, thus |cosx — 1| < | x| is trae for all x. 

64. Let f(x) = sin x for a < x < b. From the Mean Valué Theorem there exists a c between a and b such that 
sin ^ sina =cosc => -1 < ' il: ' r,:l < 1 ^ Isnb^sinal < j ^ |sinb-sina| < Ib — al. 

65. Yes. By Corollary 2 we have f(x) = g(x) + c since f'(x) = g'(x). If the graphs start at the same point x = a, 
then f(a) = g(a) => c = 0 => f(x) = g(x). 
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66. Assume f is differentiable and ¡f(w) — f(x)| < |w — x| for all valúes of w and x. Since f is differentiable, f '(x) exists and 
f'(x) = lim using the alternative formula for the derivative. Let g(x) = |x|, which is continuous for all x. 


lim f(w) - f(x) 

= lim 

f(w)-f(x) 

W — » x w “ x 

W —> x 

w — X 


= lim 

w —> X 


f(w) - f( , x)l . Since 
l W — X l 


W —> x 

By Theorem 10 from Chapter 2, |f'(x) | = 

|f(w) — f(x)| < |w — x| for all w and x =>■ < 1 as long asw^x. By Theorem 5 from Chapter 2, 

If ' (x)I = lim |f(w) ~ f(x)l < lim 1 = 1 =>• If ' (x)I < 1 =>■ -1 < f'(x) < 1. 

|W| w —> x l w - x l w —> x |W|- - \ - 


67. By the Mean Valué Theorem we have f(b ¿ _ f J d> = f'(c) for some point c between a and b. Since b — a > 0 and f(b) < f(a), 
we have f(b) — f(a) < 0 =>■ f'(c) < 0. 


68. The condition is that f' should be continuous over [a, bj. The Mean Valué Theorem then guarantees the 
existence of a point c in (a, b) such that fíb ^ ~ bU) = f'(c). If f' is continuous, then it has a mínimum and 
máximum valué on [a, b], and min f' < f'(c) < max fas required. 

69. f'(x) = (1 + x 4 eos x) 1 => f"(x) = — (1 + x 4 eos x) 2 (4x 3 eos x — x 4 sin x) 

= —x 3 (1 + x 4 eos x) “(4 eos x — x sin x) < 0 for 0 < x < 0.1 =>■ f'(x) is decreasing when 0 < x < 0.1 
=> min f' w 0.9999 and max f' = 1. Now we have 0.9999 < ft °¿ ) 1 ~ 1 < 1 => 0.09999 < f(0.1) — 1 <0.1 
=>• 1.09999 < f(0.1) < 1.1. 

70. f'(x) = (1 — x 4 ) 1 => f"(x) = — (1 — x 4 ) 2 (—4x 3 ) = a > 0 for 0 < x < 0.1 =>■ f'(x) is increasing when 

(1 — X ) 

0 < x < 0.1 => min f' = 1 and max f = 1.0001. Now we have 1 < f( °o\~ 2 < 1.0001 
=> 0.1 < f(0.1) - 2 < 0.10001 => 2.1 < f(0.1) < 2.10001. 

71. (a) Suppose x < 1, then by the Mean Valué Theorem f(x ^~ b(1 ' ) < 0 =$■ f(x) > f(l). Suppose x > 1, then by the 

Mean Valué Theorem > 0 => f(x) > f(l). Therefore f(x) > 1 for all x since f(l) = 1. 

(b) Yes. Frompart(a), lim < 0 and lim f W~W > q Since f'(l) exists, these two one-sided 

x —> 1 XI x^-l + X1 

limits are equal and have the valué f'(l) f'(l) < 0 and f'(l) > 0 => f'(l) = 0. 

72. From the Mean Valué Theorem we have f(b ¿ I = f'(c) where c is between a and b. But f'(c) = 2pc + q = 0 
has only one solution c = — (Note: p / 0 since f is a quadratic function.) 

4.3 MONOTONIC FUNCTIONS AND THE FIRST DERIVATIVE TEST 


1. (a) f'(x) = x(x — 1) =>• critical points at 0 and 1 

(b) f' = +++ |-| +++ => increasing on (—oo, 0) and (1, oo), decreasing on (0,1) 

0 I 

(c) Local máximum at x = 0 and a local minimum at x = 1 

2. (a) f'(x) = (x — l)(x + 2) =>• critical points at —2 and 1 

(b) f' = +++ |-| +++ => increasing on (—oo, —2) and (1, oo), decreasing on (—2,1) 

-2 1 

(c) Local máximum at x = —2 and a local minimum at x = 1 

3. (a) f'(x) = (x — l) 2 (x + 2) => critical points at — 2 and 1 

(b) f'=-| +++|+++ => increasing on (—2,1) and (1, oo), decreasing on (—oo, —2) 

-2 1 
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(c) No local máximum and a local mínimum at x = —2 

4. (a) f'(x) = (x — l) 2 (x + 2 ) 2 =4- critical points at —2 and 1 

(b) f' = +++ | +++ | +++ =4 increasing on (—oo, —2) U (—2,1) U (1, oo), never decreasing 

-2 1 

(c) No local extrema 

5. (a) f'(x) = (x — l)(x + 2)(x — 3) =4 critical points at —2, 1 and 3 

(b) f' =-| +++ |-| +++ => increasing on (—2,1) and (3, oo), decreasing on (—oo, —2) and (1,3) 

-2 13 

(c) Local máximum at x = 1, local minima at x = —2 and x = 3 

6 . (a) f'(x) = (x — 7)(x + l)(x + 5) => critical points at—5,—1 and 7 

(b) f' =-| +++ |-| +++ =4 increasing on (—5, —1) and (7, oo), decreasing on (—oo, —5) and (—1,7) 

-5-17 

(c) Local máximum at x = — 1, local minima at x = —5 and x = 7 

7. (a) f'(x) = =4 critical points at x = 0, x = 1 and x = — 2 

(b) f' = +++)(-|-| +++ =4 increasing on (—oo, —2) and (1, oo), decreasing on (—2, 0) and (0, 1) 

-2 0 1 

(c) Local mínimum at x = 1 

8 . (a) f'(x) = [x+ii(x- 3 ) ^ critical points at x = 2, x = —4, x = — 1, and x = 3 

(b) f' = +++ |-)( +++ |-)(+++ => increasing on (—oo, —4), (—1,2) and (3, oo), decreasing on 

-4-123 
(-4,-1) and (2,3) 

(c) Local máximum at x = —4 and x = 2 

9. (a) f'(x) = 1 — £ = => critical points at x = —2, x = 2 and x = 0. 

(b) f' = +++ |-)(-| +++ =4 increasing on (—oo, —2) and (2, oo), decreasing on (—2,0) and (0,2) 

-2 0 2 

(c) Local máximum at x = — 2, local minimum at x = 2 

10. (a) f'(x) = 3- 7 - = 3 v/ V 6 => critical points at x = 4 and x = 0 

V x v x 

(b) f' = (-| +++ =4 increasing on (4, oo), decreasing on (0,4) 

0 4 

(c) Local minimum at x = 4 

11. (a) f'(x) = x~t/ 3 (x + 2) =4 critical points at x = — 2 and x = 0 

(b) f' = +++ |-)(+++ =4 increasing on (—oo, —2) and (0, oo), decreasing on (—2, 0) 

-2 0 

(c) Local máximum at x = —2, local minimum at x — 0 

12. (a) f'(x) = x~F 2 (x — 3) =>■ critical points at x = 0 and x = 3 

(b) f' = (-| +++ =4- increasing on (3, oo), decreasing on (0, 3) 

0 3 

(c) No local máximum and a local minimum at x = 3 

13. (a) f'(x) = (sinx — l)(2cosx + 1), 0 < x < 27t =>- critical points at x = x = and x = ^ 

(b) f' = [-|-| +++ |-] =4 increasing on (y, y), decreasing on (0, |), (|, y) and (y,27r) 

0 ? 2tt 4ti; 2tt 
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(c) Local máximum at x = / and x — 0, local mínimum at x — / and x = 27r 

14. (a) f'(x) = (sinx + eosx)(sinx — cosx), 0 < x < 27r => critical points atx = x = x = and x = n -f 

(b) f' = [-| +++ |-| +++ |-] =>■ increasing on (|, and (^, 1 -f), decreasing on (0, |), 

0 | 3tt 5tt 7tt 27T 

(t> t) and (t> 27F ) 

(c) Local máximum at x = 0, x = ^jt and x = n -f, local minimum at x = |, x = and x = 27r 

15. (a) Increasing on (—2,0) and (2,4), decreasing on (—4, —2) and (0, 2) 

(b) Absolute máximum at (—4,2), local máximum at (0,1) and (4,-1); Absolute minimum at (2, —3), local minimum at 

(- 2 , 0 ) 

16. (a) Increasing on (—4,—3.25), (—1.5,1), and (2,4), decreasing on (—3.25,—1.5) and (1,2) 

(b) Absolute máximum at (4,2), local máximum at (—3.25,1) and (1,1); Absolute minimum at (—1.5, —1), local 
minimum at (—4,0) and (2,0) 

17. (a) Increasing on (—4,—1), (0.5,2), and (2,4), decreasing on (—1,0.5) 

(b) Absolute máximum at (4,3), local máximum at (—1,2) and (2,1); No absolute minimum, local minimum at 
(—4, — l)and (0.5,-1) 


18. (a) Increasing on (—4, —2.5), (—1,1), and (3,4), decreasing on (—2.5, —1) and (1,3) 

(b) No absolute máximum, local máximum at (—2.5,1), (1,2) and (4,2); No absolute minimum, local minimum at 
(-1,0) and (3,1) 


19. (a) g(t) = —t 2 — 3t + 3 => g'(t) = —2t — 3 => a critical point at t = — |; g' = +++ |-, increasing on 

-3/2 

(—oo, — |), decreasing on (— |, oo) 

(b) local máximum valué of g (— /) = ^-att = — |, absolute máximum is ^ at t = — | 

20. (a) g(t) = —3t 2 + 9t + 5 => g'(t) = -6t + 9 => a critical point at t = |; g' = +++ |-, increasing on (—oo, 3 ) , 

3/2 

decreasing on (|, oo) 

(b) local máximum valué of g (f) = ^ at t = |, absolute máximum is / at t = § 

21. (a) h(x) = —x 3 + 2x 2 => h'(x) = —3x 2 + 4x = x(4 — 3x) =>■ critical points at x = 0, ^ 

=> h' =-| +++ |-, increasing on (0, 5) , decreasing on (—00,0) and (|, 00) 

0 4/3 

(b) local máximum valué of h (|) = p at x = local minimum valué of h(0) = 0 at x = 0, no absolute extrema 

22. (a) 


(b) 


h(x) = 2x 3 — 18x => h'(x) = 6x 2 — 18 = 6 ^x + \//) (x — a/3 j => critical points at x = ± y/3 

=> h' = +++ | -| +++, increasing on ^— 00 , — y/3^ and ^\/3, oo^j , decreasing on a/3, \J 3^j 

— a/3 y/i 

a local máximum is h (^—y/?/j = 12\/3 at x = — y/~3\ local minimum is h ^a//) = — \2y[3 at x = a/3, 
extrema 


no absolute 
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23. (a) f(9) = 3 9 2 - 49 3 => f '(9) = 69- 129 2 = 69(1 - 29) => critical points at 9 = 0, \ => f = -| +++ |-, 


increasing on ( 0 , , decreasing on (—oo, 0 ) and (i, oo) 

(b) a local máximum is f (|) = ^ at 9 = a local mínimum is f(0) = 0 at 9 = 0, no absolute extrema 

24. (a) f(é>) = 6 9-9 3 => f'(9) = 6 - 39 2 = 3 {y/l - 9^j {y/l + critical points at 9 = ± y/2 ^ 


0 1/2 


f' = 


increasing on 


y/2, y//j, decreasing on oo,—\//j and {\^2, oo'j 


-I +++I - 

-y/2 y/2 

(b) a local máximum is f = 4\/2 at 9 = y/2, a local mínimum is f (-y/ 2 ) = ^y/2at 9 = -y/2, no absolute 

extrema 


25. (a) f(r) = 3r 3 + 16r =i> f'(r) = 9r 2 + 16 => no critical points =>• f' = 
decreasing 

(b) no local extrema, no absolute extrema 


increasing on (—oo, oo), never 


26. (a) h(r) = (r + 7 ) 3 => h'(r) = 3(r + 7 ) 2 =í> a critical point at r = —7 => h' = +++ | +++, increasing on 


—7 


(—oo, —7) U (—7, oo), never decreasing 
(b) no local extrema, no absolute extrema 


27. (a) f(x) = x 4 — 8x 2 + 16 => f'(x) = 4x 3 — 16x = 4x(x + 2)(x — 2) =>■ critical points at x = 0 and x = ± 2 

=> f' =-| +++ |-| +++, increasing on (—2,0) and (2, oo), decreasing on (—oo, —2) and (0, 2) 

-2 0 2 

(b) a local máximum is f(0) = 16 at x = 0, local mínima are f ( ± 2) = 0 at x = ± 2, no absolute máximum; absolute 
mínimum is 0 at x = ±2 

28. (a) g(x) = x 4 — 4x 3 + 4x 2 =» g'(x) = 4x 3 — 12x 2 + 8x = 4x(x — 2)(x — 1) => critical points at x = 0, 1,2 

=> g' =-| +++ |-| +++, increasing on (0, 1) and (2, oo), decreasing on (—oo, 0) and (1,2) 

0 1 2 

(b) a local máximum is g(l) = 1 at x = 1, local minima are g(0) — 0 at x = 0 and g(2) = 0 at x = 2, no absolute 
máximum; absolute mínimum is 0 at x = 0, 2 

29. (a) H(t) = 11 4 — t 6 => H'(t) = 6t 3 - 6t 5 = 6t 3 (l + t)(l t) => critical points at t = 0, ±1 

=> H' = +++ |-| +++ |-, increasing on (—oo, —1) and (0,1), decreasing on (—1,0) and (1, oo) 

-10 1 

(b) the local maxima are H(—1) = | at t = — 1 and H(l) = | at t = 1, the local mínimum is H(0) = 0 at t = 0, absolute 
máximum is \ at t = ± 1; no absolute mínimum 

30. (a) K(t) = 15t 3 - t 5 => K'(t) = 45t 2 - 5t 4 = 5t 2 (3 + t)(3 - t) => critical points at t = 0, ±3 

=> K' =-| +++ | +++ |-, increasing on (—3,0) U (0, 3), decreasing on (—oo, —3) and (3, oo) 

-3 0 3 

(b) a local máximum is K(3) = 162 at t — 3, a local mínimum is K(—3) = —162 at t = —3, no absolute extrema 


31. (a) f(x) = x - 6y/x- 1 => f ■'(x) = 1 - -J— = 


critical points at x = 1 and x = 10 


=> f' = (-| +++, increasing on ( 10 , oo), decreasing on ( 1 , 10 ) 

1 10 

(b) a local mínimum is f( 10 ) = — 8 , a local and absolute máximum is f(l) = 1 , absolute mínimum of —8 at x = 10 
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32. (a) 

(b) 

33. (a) 


(b) 


34. (a) 


(b) 


35. (a) 


(b) 

36. (a) 

(b) 

37. (a) 

(b) 


38. (a) 


(b) 


Chapter 4 Applications of Derivatives 

g(x) = 4^ - x 2 + 3 => g'(x) = \ - 2 X = 2 " 2x3/2 


=*g' =(+++! 

0 1 


, increasing on ( 0 , 1 ), decreasing on ( 1 , oo) 


critical points at x = 1 and x = 0 


a local minimum is f(0) — 3, a local máximum is f(l) = 6 , absolute máximum of 6 at x = 1 

g(x) = x\/ 8 - x 2 = x (8 - x 2 ) 1/2 => g'(x) = (8 - X 2 ) 1/2 + x ( i ) (8 - x 2 )“ 1 / 2 (-2x) = , 2(2 ~ x)(2 + x) 

j(2 v / 2-x) (2y/2-\ 

=$■ critical points at x = ± 2 , ± 2y/2 =>■ g' = ( —- 

-2y/2 

(-2y/2,~2) and (2, 2y/2) 

local maxima are g(2) = 4 at x = 2 and g ^—2/2) = 0 at x = — 2y/~2, local minima are g(—2) = —4 at 


+++ |-) , increasing on (— 2 , 2 ), decreasing on 

2 2 2yJ~2 


X = 


-2 and g ( '2y/2) — 0 at x = 2y/2, absolute máximum is 4 at x = 2; absolute minimum is —4 at x = —2 


g(x) = x 2 y/5 — x = x 2 (5 — x ) 1 / 2 =>■ g'(x) = 2x(5 — x ) 1 / 2 + x 2 (i) (5 — x) 1 / 2 (—1) = ^ 4 x) => critical points at 

x = 0, 4 and 5 => g' =-| +++ |-), increasing on (0,4), decreasing on (— 00 ,0) and (4, 5) 

0 4 5 

a local máximum is g(4) = 16 at x = 4, a local minimum is 0 at x = 0 and x = 5, no absolute máximum; absolute 
minimum is 0 at x = 0, 5 


f(x) = =>• f'Cx) = —— 2 x _ (x )2 3 ^ (1) = (x (x 3 2 % 2 1; critical points at x = 1,3 

=> f' = +++ |-)(-| +++, increasing on (—00, 1) and (3, 00), decreasing on (1,2) and (2, 3), 

12 3 

discontinuous at x = 2 

a local máximum is f(l) = 2 at x = 1, a local minimum is f(3) = 6 at x = 3, no absolute extrema 


f(x) = 3 ¿I =► f, M 


3x 2 (3x 2 + 1) — x 3 (6x) _ 3x 2 (x 2 + 1) 
(3x 2 + l) 2 “ (3x 2 + l) 2 


=> a critical point at x — 0 


=>■ f' = +++ | +++, increasing on (—00, 0) U (0, 00), and never decreasing 

0 


no local extrema, no absolute extrema 


f(x) = x 2 / 3 (x + 8 ) = x 4 / 3 + 8 x 4 / 3 =>■ f'(x) = | x 1 / 3 + | x 2 / 3 = 4(x x ^ 3 2) => critical points at x = 0 , —2 

=> f' =-| +++)(+++, increasing on (—2, 0) U (0, 00), decreasing on (— 00, —2) 

-2 0 

no local máximum, a local minimum is f(—2) = —6 3 y2 ~ —7.56 at x = —2, no absolute máximum; absolute 
minimum is —6 3 y/2 at x = —2 


g(x) = x 2 / 3 (x + 5) = x 5 / 3 + 5x 2 / 3 => g'(x) = f x 2 / 3 + f x - 1 / 3 =* => critical points at x = -2 and 

x = 0 => g' = +++ |-)(+++, increasing on (—00, — 2 ) and ( 0 , 00), decreasing on (— 2 , 0 ) 

-2 0 _ 

local máximum is g(—2) = 3 3 y/4- « 4.762 at x — —2, a local minimum is g(0) = 0 at x = 0, no absolute extrema 


39. (a) h(x) = x 1 / 3 (x 2 — 4) = x 7 / 3 — 4x 4 / 3 =>■ h'(x) = | x 4 / 3 — | x 2 / 3 = ^ =>■ critical points at 

x = 0 , ^ =>• h' = +++ I -)(-I +++, increasing on í —00, /¡- ) and í A-, 00 ) , decreasing on 

^ -2 jsfí 0 2/^7 V ^ ^ ' 

(^•°)“ d (°A) 
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(b) 


40. (a) 


(b) 


41. (a) 


(b) 

(c) 


42. (a) 


(b) 

(c) 


43. (a) 


(b) 

(c) 


44. (a) 


local máximum is h 
extrema 



24 \fl 

77/6 


3.12 at x = —the local mínimum is h 

sfi 



24 V2 

77/6 


—3.12, no absolute 


k(x) = x 2 / 3 (x 2 - 4) = x 8 / 3 - 4x 2 / 3 =>■ k'(x) = | x 5 / 3 — | x F 3 = ^ critical points at 

x = 0 , ±1 => k' =-| +++)(-| +++, increasing on (— 1 , 0 ) and ( 1 , 00), decreasing on (—00, — 1 ) 

-10 1 

and ( 0 , 1 ) 

local máximum is k( 0 ) — 0 at x — 0 . local mínima are k(±l) = —3 at x — ± 1 , no absolute máximum; absolute 
mínimum is — 3 at x = ±1 

f(x) = 2 x — x 2 => f'(x) = 2 — 2 x =k a critical point at x = 1 => f' = +++ |-] and f(l) = 1 and f( 2 ) = 0 

1 2 

a local máximum is 1 at x = 1 , a local mínimum is 0 at x = 2 . 

There is an absolute máximum of 1 at x = 1; no absolute mínimum. 



f(x) = (x + l ) 2 =>■ f'(x) = 2 (x + 1 ) => a critical point at x = — 1 =>■ f' =-| +++ ] and f(— 1 ) = 0 , f( 0 ) = 1 

-1 0 

= 4 > a local máximum is 1 at x = 0 , a local mínimum is 0 at x = — 1 
no absolute máximum; absolute mínimum is 0 at x = — 1 

m 



g(x) = x 2 — 4x + 4 => g'(x) = 2x — 4 = 2(x — 2) =k a critical point atx = 2 => g' = [-| +++ and 

12 

g(l) = 1 , g( 2 ) = 0 => a local máximum is 1 at x = 1 , a local mínimum is g( 2 ) = 0 at x = 2 
no absolute máximum; absolute mínimum is 0 at x = 2 

g(x) 



g(x) = —x 2 — 6 x — 9 => g'(x) = —2x — 6 = —2(x + 3) => a critical point at x = — 3 =>■ g' = [ +++ |-and 

—4 -3 

g(—4) = — 1, g(—3) = 0 => a local máximum is 0 at x = —3, a local minimum is — 1 at x = —4 
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(b) absolute máximum is 0 at x = —3; no absolute mínimum 



45. (a) f(t) = 12t -1 3 f'(t) = 12 - 3t 2 = 3(2 + t)(2 - t) => critical points at t = ±2 => f' = [ -| +++ |- 

-3 -2 2 

and f(—3) = —9, f(—2) = —16, f(2) = 16 => local maxima are —9 at t = —3 and 16 at t = 2, a local minimum is 
—16 at t = —2 


(b) 

(c) 


46. (a) 


(b) 

(c) 


absolute máximum is 16 at t = 2 ; no absolute minimum 
f(t) 



f(t) = t 3 — 3t 2 =>• f'(t) = 3t 2 — 6 t = 3t(t — 2) =>■ critical points at t = 0 and t = 2 

=> f' = +++ |-| +++ ] and f(0) = 0, f(2) = —4, f(3) = 0 => a local máximum is 0 at t = 0 and t = 3, a 

0 2 3 

local minimum is —4 at t = 2 

absolute máximum is 0 at t = 0, 3; no absolute minimum 



47. (a) h(x) = ¿ — 2x 2 + 4x =>• h'(x) = x 2 — 4x + 4 = (x — 2 ) 2 => a critical point at x = 2 =>■ h' = [ +++ I +++ and 

0 2 

h( 0 ) = 0 => no local máximum, a local minimum is 0 at x — 0 

(b) no absolute máximum; absolute minimum is 0 at x = 0 

(c) 

h(x) 
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48. (a) k(x) = x 3 + 3x 2 + 3x + 1 => k'(x) = 3x 2 + 6 x + 3 = 3(x + l ) 2 =>• a critical point at x = — 1 

=> k' = +++ | +++ ] and k(— 1 ) = 0 , k( 0 ) = 1 => a local máximum is 1 at x = 0 , no local minimum 
-1 0 

(b) absolute máximum is 1 at x = 0 ; no absolute minimum 



49. (a) f(x) = y 25 — x 2 => f '(x) = ^ x 2 => critical points at x = 0, x = —5, and x = 5 

=>■ f ' = ( +++ |-), f(—5) = 0, f(0) = 5, f(5) = 0 => local máximum is 5 at x = 0; local minimum of 0 at 

-5 0 5 

x = —5 and x = 5 

(b) absolute máximum is 5 at x = 0; absolute minimum of 0 at x = —5 and x = 5 

(c) 



50. (a) f(x) = \/x 2 — 2x — 3, 3 < x < oo => f '(x) = ^ 2x 2 - =>■ only critical point in 3 < x < oo is at x = 3 

=> f' = [ +++, f(3) — 0 => local minimum of 0 atx = 3, no local máximum 
3 

(b) absolute minimum of 0 at x = 3, no absolute máximum 



51. (a) g(x) = 4^, 0 < x < 1 =>■ g'( x ) = *~ 2 +4 * )2 1 => only critical point in 0 < x < lisx = 2— \J~3 « 0.268 

=> g'= [-I +++), gf2 - \[3 \ = » 1.866 =>■ local minimum of (? atx = 2— ^/3, local 

0 0.268 1 V ’ V3_6 V3_6 
máximum at x = 0 . 

(b) absolute minimum of - at x = 2 — \f?>, no absolute máximum 
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(c) 


52. (a) g(x) = jAji, —2 < x < 1 => g'( x ) = (4 8 *, )2 => only critical point in — 2 < x < 1 is x = 0 

=> g' = (-| +++ ], g( 0 ) = 0 => local mínimum of 0 atx = 0 , local máximum of 1 at x = 1 . 

-2 0 1 

(b) absolute mínimum of 0 at x = 0 , no absolute máximum 




53. (a) f(x) = sin2x, 0 < x < 7 r => f '(x) = 2cos2x, f'(x) = 0 => cos2x = 0 =>■ critical points are x = | and x = 

f' — [+++ |-| +++ ] , f(0) = 0, f(f) = 1, f(x) = —1, f(7t) = 0 =>■ local maxima are 1 at x = \ and 0 

0 í 3tt 7T 

4 T 

at x = 7t, and local mínima are — 1 at x = ^ and 0 at x = 0. 


(b) The graph of f rises when f' > 0, falls when f < 0, 

and has local extreme valúes where f' = 0. The function 
f has a local mínimum valué at x = 0 and x = ^, where 
the valúes of f' change from negative to positive. The 
function f has a local máximum valué at x = 7 r and 
x = where the valúes of f 'change from positive to 
negative. 



54. (a) f(x) = sinx — cosx, 0 < x < 27r f '(x) = cosx + sinx, f '(x) = 0 => tanx = — 1 => critical points are x = and 

x = Tf => f = [+++ |-| +++ ] , f(0) = -1, f(x) = \/2, f(x) = -\/2, f(27t) = -1 => local maxima are 

0 37T 7TT 2 tt 

4 4 

y/2 at x = ^ and — 1 at x = 27r, and local mínima are — \fl at x = and — 1 at x = 0 . 

(b) The graph of f rises when f' > 0, falls when f' < 0, 


and has local extreme valúes where f' = 0. The function 
f has a local mínimum valué at x = 0 and x = ’-f, where 
the valúes of f' change from negative to positive. The 
function f has a local máximum valué at x = 27 t and 

J v 

<~2 

1 


x = where the valúes of f'change from positive to 

-] 


negative. 

-<~2 

f(x ) = sin x - eos x, 0 < x < 277 
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55. (a) f(x) = y/3cosx + sinx, 0 < x < 27 t => f '(x) = — y/3sinx + cosx, f'(x) = 0 => tanx = => critical points are 

x = l and x = £ =► f' = [+++ |-| +++ ] , f(0) = y/3, f(|) = 2. f(^) = -2. f(27r) = y/l =► local 

0 | 7k 2n 

6 6 

maxima are 2 at x = | and y/3 at x = 27r, and local mínima are —2 at x = ^ and y/3 at x = 0. 

(b) The graph of f rises when f' > 0, falls when f < 0, 

and has local extreme valúes where f' — 0. The function 
f has a local mínimum valué at x = 0 and x = ^ , where 
the valúes of f' change from negative to positive. The 
function f has a local máximum valué at x = 27 t and 
x = |, where the valúes of f'change from positive to 
negative. 


/ M 



56. (a) f(x) = 


- 2 x + tanx, — | < x < | 


f'(x) = — 2 + sec 2 x, f'(x) = 0 => sec 2 x = 2 => critical points are 


x = -t and x = £ => f' = ( +++ |-| +++ ) , f(-f) = f - 1 , f(|) = 1 - | => local 


4 A — 4 

2 4 4 2 

máximum is| — latx = — and local mínimum is 1 — 
(b) The graph of f rises when f' > 0, falls when f' < 0, 

and has local extreme valúes where f' = 0. The function 
f has a local mínimum valué at x = where the valúes 
of f' change from negative to positive, The function f 
has a local máximum valué at x = — |, where the valúes 
of f 'change from positive to negative. 


at x = 


4- 



57. (a) 


(b) 


f(x) = | — 2 sin (|) f'(x) = i — eos (|) , f'(x) = 0 =>■ eos (|) = \ => a critical point at x = 

=> f' = [-| +++ ] and f(0) = 0, f (x) = f — f(27r) = 7 r => local maxima are 0 at x = 0 and 7 r 

0 2tt/3 2tt 


at x = 27r, a local mínimum is | — y/3 at x = 

The graph of f rises when f' > 0, falls when f' < 0, 
and has a local mínimum valué at the point where f' 
changes from negative to positive. 



58. (a) f(x) = —2 eos x — eos 2 x =>- f'(x) = 2 sin x + 2 eos x sin x = 2(sin x)(l + eos x) => critical points at x = — n, 0, 7 r 
f' = [-| +++ ] and f(—7r) = 1, f(0) = —3, f( 7 r) = 1 =>• a local máximum is 1 at x = ± n, a local 

— 7T Q 7T 

mínimum is — 3 at x = 0 
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(b) The graph of f rises when f > 0, falls when f' < 0, 
and has local extreme valúes where f' = 0. The 
function f has a local minimum valué at x = 0 , where 
the valúes of f' change from negative to positive. 


59. (a) f(x) = esc 2 x — 2 cot x => f'(x) = 2(csc x)(—esc x)(cot x) — 2 (—esc 2 x) = — 2 (esc 2 x) (cot x — 1) => a critical 

point atx=j =>• f' = (-| +++) and f (f) = 0 => no local máximum, a local minimum is 0 at x = | 

0 tt/4 ^ 

(b) The graph of f rises when f' > 0, falls when f' < 0, /(*) = esc 2 * - 2 cot*. o < x < x 

and has a local minimum valué at the point where 4 

f' = 0 and the valúes of f' change from negative to 
positive. The graph of f steepens as f'(x) —> ± oo. 2 

o 

-2 

-4 

60. (a) f(x) = sec 2 x — 2 tan x => f'(x) = 2 (sec x)(sec x)(tan x) — 2 sec 2 x = (2 sec 2 x) (tan x — 1 ) => a critical point 

at x = | =>• f' = (-| +++) and f (^) = 0 => no local máximum, a local minimum is 0 at x = | 

—7r/2 7 t/4 7t/2 

(b) The graph of f rises when f' > 0, falls when f' < 0, 
and has a local minimum valué where f' = 0 and the 
valúes of f' change from negative to positive. /« = 


61. h(0) = 3 eos (f h'( 0 ) = — | sin (|) =>• h'= [-] , (0.3) and (27r, —3) =>■ a local máximum is 3 at 9 = 0, 

0 2 t r 

a local minimum is — 3 at 6 — 2tt 

62. h(0) = 5 sin (|) => tí(9) = I eos (|) h' = [ +++ ] , (0,0) and (tt, 5) => a local máximum is 5 at 9 = n, a local 
minimum is 0 at 9 = 0 






Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 



Section 4.3 Monotonic Functions and the First Derivative Test 195 


64. (a) (b) 

y 






67. The function f(x) = x sin(j) has an infinite number of local maxima and minima. The function sinx has the following 
properties: a) it is continuous on (—oo, oo); b) it is periodic; and c) its range is [—1, 1]. Also, for a > 0, the function ' has 
a range of (—oo, —a] U [a, oo) on 

sinQ) takes on the valúes of 1 and —1 infinitely many times in times on the interval [—1, 1], which occur when 

i = ±|, ±^y, ± . . . => x = ± ± ± .Thus sinQ) has infinitely many local maxima and minima 

in the interval [—1, 1], On the interval [0, 1], —1 < sin ()-) < 1 and since x > 0 we have — x < x sin()) < x. On the 
interval [—1, 0], — 1 < sinQ) < 1 and since x < 0 we have —x > x sinQ) > x. Thus f(x) is bounded by the lines y = x 
and y = —x. Since sin()) oscillates between 1 and —1 infinitely many times on [—1, 1] then f will oscillate between y = x 
and y = —x infinitely many times. Thus f has infinitely many local maxima and minima. We can see from the graph (and 
verify later in Chapter 7) that limxsin(i) = 1 and lim xsin(i) = 1. The graph of f does not have any absolute 

maxima., but it does have two absolute minima. 


. In particular, if a = 1, then j<—lorj>l when x is in [—1, 1], This means 
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68 . f(x) = ax 2 + bx + c = a (x 2 + b x) + c = a (x 2 + b x + — y + c = a (x + y)“ — b ~ ~ a 4ac , a parabola whose 

vertex is at x = — y . Thus when a > 0, f is increasing on (y, oo) and decreasing on (—oo, y) ; when a < 0, 

f is increasing on (—oo, y) and decreasing on (y, oo) . Also note that f'(x) = 2ax + b = 2a (x + y) =>■ for 

a > 0 , f' =-| +++ ; for a < 0 , f' = +++ |-. 

—b/2a —b/2a 

69. f(x) = ax 2 + bx => f'(x) = 2ax + b,f(l) = 2=>a + b = 2, f'(l) = 0 => 2a + b = 0 => a = -2, b = 4 
=S> f(x) = — 2x 2 + 4x 

70. f(x) = ax 3 + bx 2 + ex + d => f '(x) = 3ax 2 + 2bx + c, f(0) = 0 => d = 0, f(l) = — 1 a + b + c + d = —1, 
f'(0) = 0=>c = 0,f'(l) = 0^>3a + 2b + c = 0=í>a = 2,b = -3, c = 0. d = 0 =» f(x) = 2x 3 - 3x 2 

4.4 CONCAVITY AND CURVE SKETCHING 


1. y=y-^-2x+| => y' = x 2 -x-2 = (x- 2)(x +1) => y" = 2x — 1 = 2 (x - 1) . The graph is rising on 
(—oo, —1) and (2, oo), falling on (—1, 2), concave up on (y oo) and concave down on (—oo, ¡j) . Consequently, 
a local máximum is | at x = — 1, a local minimum is — 3 at x = 2, and (1 — |) is a point of inflection. 


2. y = y — 2x 2 + 4 => y 7 = x 3 — 4x = x (x 2 — 4) = x(x + 2)(x - 2) => y" = 3x 2 - 4 = V3x + 2 




3x — 2 ) . The 


graph is rising on (— 2 , 0 ) and ( 2 , oo), falling on (—oo,— 2 ) and ( 0 , 2 ), concave up on oo, — and ^-^,oo^ and 
concave down on ^ ■ Consequently, a local máximum is 4 at x = 0, local minima are 0 at x = ± 2, and 

(“ 7! ’ y) and ( 7 ! ’ f) are P oints of ir 


i of inflection. 


3. y = | (x 2 — 1) 2/3 =}► y'= (|) (|)(x 2 -i) 1/3 (2x) = x (x 2 — 1) 1/a , y'=-) (+++| -)(+++ 


the graph is rising on (—1, 0) and (1, oo), falling on (—oo, —1) and (0,1) 


minima are 0 at x = ± 1; y" = (x 2 — 1) 1/3 + (x) (— 1) (x 2 — 1) 4,/3 (2x) = 


-1 0 1 
a local máximum is ^ at x = 0, local 

x 2 —3 


y" = +++ 


-) (- 
-1 


-)(- 

1 


-Vs - 1 1 

down on y/3, a/ 3^ =>- points of inflection at ^ ± y/3, 


3 \/(x 2 -l) 4 ’ 

+++ => the graph is concave up on oo, — y/^j and ^y/3, oo'j , concave 


4. y = n X 1 / 3 (x 2 - 7) => y'= Ti x “ 2 / 3 (x 2 - 7) + £ x 1 / 3 (2x) = | x ~ 2 / 3 (x 2 - 1), y' = +++ |,-)(-| +++ 

=>• the graph is rising on (—oo, — 1 ) and ( 1 , oo), falling on (— 1 , 1 ) => a local máximum is y at x = — 1 , a local 

minimum is - y at x = 1 ; y" = -x -5 / 3 (x 2 — 1 ) + 3x 3 / 3 = 2 x 3 / 3 + x -5 / 3 = x -5 / 3 ( 2 x 2 + 1 ), 

y" =-)(+++ => the graph is concave up on ( 0 , oo), concave down on (—oo, 0 ) =>• a point of inflection at ( 0 , 0 ). 

0 


5. y = x + sin 2x =>• y' = 1 + 2 eos 2x, y' = [-| +++ |-] => the graph is rising on (— |, |) , falling 

—27t/3— 7t/3 7t/3 27í/3 

on (— y, — |) and (f, y) =b local maxima are — y + y^atx= — y and | + -y at x = | , local minima are 

- | - ^ at x = - | and f 4y at x = f ; y" = -4 sin 2x, y" = [-| +++ |-| +++ ] => the 

—27t/3 —7t/2 0 7t/2 2w/3 

graph is concave up on (— |, 0) and (|, y) , concave down on (— y, — f) and ( 0 , |) => points of inflection at 
(-§,-f),(°, 0 ),and (f,f) 
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6. y = tan x — 4x => y' = sec 2 x — 4, y' = ( +++ |-| +++ ) =>• the graph is rising on (— — |) and 

—7r/2 —7 t/3 7í/3 7t/2 

(|, l) , falling on (— |) => a local máximum is — a/ 3 + y at x = — |, a local minimum is y/3 — y at x = 

y" = 2(sec x)(sec x)(tan x) = 2 (sec 2 x) (tan x), y" = (-| +++ ) => the graph is concave up on (0, /), 

—tt/2 o 7t/2 

concave down on |, 0) => a point of inflection at (0,0) 

7. If x > 0, sin |x| = sin x and if x < 0, sin jx¡ = sin (—x) 

= —sin x. From the sketch the graph is rising on 
(- y, - |) , (0, |) and (y 1 ) 27 t) , falling on (-27T, - y) , 

(— |, 0) and (f, y-) ; local minima are — 1 at x = ± y 1 
and 0 at x = 0; local maxima are 1 at x = ± | and 0 at 
x = ± 2-7 t; concave up on (—27 t, —7t) and ( 7 r, 27r), and 
concave down on (—7r, 0) and (0,7r) => points of inflection 
are (— 7 r, 0) and ( 77 , 0) 

8. y = 2 eos x — \/2x => y'=-2 sin x - \/2> y'= [-I +++ | -| +++] => rising on 

—71 —37r/4 —7 t/4 57 t/4 37 t/2 

(— y, — |)and (y, y) , falling on (—7r, — y 1 ) and (— y y) => local maxima are —2 + -Ky/l at x = — 7r, y/2 + 
atx = — | and — ^y^ at x = y, and local minima are —y/2 + at x = — y and —y/2 — ^y^ at x = y ; 

y" = —2 eos x, y" — [ +++ | -| +++ ] => concave up on (—7r, — |) and (f, y) , concave down on 

~ 71 —7r/2 7 t/2 37 t/2 

(—|,|) => points of inflection at (-§,yy) and 

9. When y = x 2 — 4x + 3, then y' = 2x — 4 = 2(x — 2) and 
y" = 2. The curve rises on (2, 00 ) and falls on (— 00 , 2). 

At x = 2 there is a minimum. Since y" > 0, the curve is 
concave up for all x. 




10. When y = 6 — 2x — x 2 , then y' = —2 — 2x = —2(1 + x) and 
y" = —2. The curve rises on (—00, —1) and falls on 
(—1, 00). At x = —1 there is a máximum. Since y 1 ' < 0, the 
curve is concave down for all x. 
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11. When y = x 3 — 3x + 3, then y' = 3x 2 — 3 = 3(x — l)(x + 1) 
and y" = 6 x. The curve rises on (—oo, — 1) U (1, oo) and 
falls on (— 1,1). At x — -1 there is a local máximum and at 
x = 1 a local mínimum. The curve is concave down on 
(—oo, 0) and concave up on (0, oo). There is a point of 
inflection at x — 0 . 


y 



12. When y = x (6 — 2x) 2 , then y' = —4x(6 — 2x) + (6 — 2x ) 2 
= 12(3 - x)(l - x) and y" = -12(3 - x) - 12(1 - x) 

= 24(x — 2). The curve rises on (—oo, 1) U (3, oo) and 
falls on (1,3). The curve is concave down on (—oo, 2) and 
concave up on (2, oo). At x = 2 there is a point of 
inflection. 

13. When y = —2x 3 + 6 x 2 — 3, then y' = — 6 x 2 + 12x 

= — 6 x(x — 2) and y" = —12x + 12 = —12(x — 1). The 
curve rises on ( 0 , 2 ) and falls on (—oo, 0 ) and ( 2 , oo). 

At x = 0 there is a local mínimum and at x — 2 a local 
máximum. The curve is concave up on (—oo, 1) and 
concave down on (1, oo). At x = 1 there is a point of 
inflection. 



14. When y = 1 — 9x — 6x 2 — x 3 , then y' = — 9 — 12x — 3x 2 
= — 3(x + 3)(x + 1) and y" = -12 - 6x = -6(x + 2). 
The curve rises on (—3, —1) and falls on (—oo, —3) and 
(—1, oo). At x = —1 there is a local máximum and at 
x — —3 a local mínimum. The curve is concave up on 
(—oo, —2) and concave down on (—2, oo). At x = —2 
there is a point of inflection. 



15. When y = (x — 2 ) 3 + 1, then y' = 3(x — 2 ) 2 and 
y" = 6 (x — 2). The curve never falls and there are no 
local extrema. The curve is concave down on (—oo, 2) 
and concave up on (2, oo). At x = 2 there is a point 
of inflection. 


y 
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16. When y = 1 — (x + l) 3 , then y' = —3(x + l ) 2 and 
y" — - 6 (x + 1). The curve never rises and there are 
no local extrema. The curve is concave up on (—oo, — 1) 
and concave down on (—1, oo). At x = —1 there is a 
point of inflection. 


17. When y = x 4 — 2x 2 , then y' = 4x 3 — 4x = 4x(x + l)(x — 1) 
and y" = 12x 2 - 4 = 12 (x + (x - -^) . The curve 

rises on (— 1 , 0 ) and ( 1 , oo) and falls on (—oo, — 1 ) and ( 0 , 1 ). 
At x = ±1 there are local minima and at x = 0 a local 
máximum. The curve is concave up on oo, — and 

oo^) and concave down on j . At x = ^ 

there are points of inflection. 


18. When y = —x 4 + 6 x 2 — 4, then y' = —4x 3 + 12x 

= —4x ^x + y/íj ^x — y/3^ and y" = — 12 x 2 + 12 

= — 12(x + l)(x — 1). The curve rises on oo, - 

and ^0, \/3 j , and falls on ^— v/3, and ^y/3, oo^j . At 

x = ± y/3 there are local maxima and at x = 0 a local 
minimum. The curve is concave up on (—1,1) and concave 
down on (—oo, —1) and (1, oo). At x = ±1 there are points 
of inflection. 

19. When y = 4x 3 — x 4 , then y' = 12x 2 — 4x 3 = 4x 2 (3 — x) and 
y" = 24x — 12x 2 = 12x(2 — x). The curve rises on (—oo, 3) 
and falls on (3, oo). At x = 3 there is a local máximum, but 
there is no local minimum. The graph is concave up on 

(0, 2) and concave down on (—oo, 0) and (2, oo). There are 
inflection points at x = 0 and x — 2. 



y 


Abs. max. > 

> Abs. max. 

(-Vi, 5> 

(Vi, 5) 

/ Infl. \ 

/ Infl ' 

/( 1. 1)\ 

/< 1.1) 

\ 

Jy - -x 4 + óx 2 - 4 

' 

(0, -4) Loe. min. 


y 



20. When y = x 4 + 2x 3 , then y' = 4x 3 + 6 x 2 = 2x 2 (2x + 3) and 
y" = 12x 2 + 12x = 12x(x + 1). The curve rises on 
(— oo) and falls on (—oo, — |) . There is a local 
minimum at x = - but no local máximum. The curve is 
concave up on (—oo, — 1 ) and ( 0 , oo), and concave down on 
(—1,0). At x = — 1 and x = 0 there are points of inflection. 


y 
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21. When y = x 5 — 5x 4 , then y' = 5x 4 — 20x 3 = 5x 3 (x — 4) and 
y" = 20x 3 — 60x 2 = 20 x 2 (x — 3). The curve rises on 
(—oo, 0) and (4, oo), and falls on (0, 4). There is a local 
máximum at x = 0, and a local mínimum at x = 4. The 
curve is concave down on (—oo, 3) and concave up on 

(3, oo). At x = 3 there is a point of inflection. 

22. When y = x (| - 5) 4 , then y' = (| - 5) 4 + x(4)(| - 5) 3 Q) 
= (!-5) 3 (|^5),andy" = 3(l-5) 2 (i) (f - 5) 

+ (| — 5) 3 (|) = 5 (| - 5 ) 2 (x — 4). The curve is rising 
on (—oo, 2) and (10, oo), and falling on (2, 10). There is a 
local máximum at x = 2 and a local mínimum at x — 10. 

The curve is concave down on (—oo, 4) and concave up on 
(4, oo). At x = 4 there is a point of inflection. 

23. When y = x + sin x, then y' = 1 + eos x and y" — —sin x. 
The curve rises on (0, 2i r). At x = 0 there is a local and 
absolute mínimum and at x = 27r there is a local and absolute 
máximum. The curve is concave down on (0, ir) and concave 
up on (7 T, 27t). At x = 7r there is a point of inflection. 


24. When y = x — sin x, then y' = 1 — eos x and y" = sin x. 

The curve rises on (0, 27 r). At x = 0 there is a local and 
absolute mínimum and at x = 27r there is a local and absolute 
máximum. The curve is concave up on (0, n) and concave 
down on ( 7 r, 27 t). At x = 7r there is a point of inflection. 


25. When y = y/3x — 2 eos x, then y' = y/3 + 2 sin x and 
y" = 2cosx. The curve is increasing on (0, y) and 
(, 27 t) , and decreasing on (y, y). At x = 0 there 
is a local and absolute mínimum, at x = ^ there is a local 
máximum, at x = =y there is a local mínimum, and and at 
x = 2n there is a local and absolute máximum. The curve 
is concave up on (0, |) and (^, 27 í) , and is concave 
down on (|, y). At x = | and x = there are points 
of inflection. 






(217,2^377-2) 
Abs max 



77/2 ir 3-7T/2 2ir 
y = Vix — 2cos x 
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26. When y = |x — tanx, then y' = | — sec 2 x and 

y" = —2sec 2 xtanx. The curve is increasing on (—|, |), 
and decreasing on (— |, —|) and (|, f) ■ At x = —| 
there is a local mínimum, at x = | there is a local 
maximum.there are no absolute maxima or absolute mínima. 
The curve is concave up on (— |, 0), and is concave 
down on (0, |). At x = 0 there is a point of inflection. 

27. When y = sin x eos x, then y' = —sin 2 x + eos 2 x = eos 2x 
and y" = —2 sin2x. The curve is increasing on (0, |) and 
(jf , 7r), and decreasing on(|,^). Atx = 0 there is a 
local mínimum, at x = | there is a local and absolute 
máximum, at x = ^ there is a local and absolute mínimum, 
and at x = 7 r there is a local máximum. The curve is concave 
down on (0, |), and is concave up on(|, 7r). At x = | 
there is a point of inflection. 

28. When y = cosx + y/3sinx, then y' = —sinx + y/3cosx 
and y" = —eos x — y/3sin x. The curve is increasing on 
(0, |) and (^,27 t), and decreasing on (|, ^). At 

x = 0 there is a local mínimum, at x = | there is a local 
and absolute máximum, at x = y there is a local and 
absolute mínimum, and at x = 2 - 7 T there is a local máximum. 
The curve is concave down on (0, and 27 t) , 
and is concave up on (^, ^). At x = ^ and x = ^ 
there are points of inflection. 

29. When y = x 1 / 5 , then y' = ^ x -4 / 5 and y" = — A x - 9 / 5 . 

The curve rises on (—oo, oo) and there are no extrema. 

The curve is concave up on (— oo, 0) and concave down 
on (0, oo). At x = 0 there is a point of inflection. 


30. When y = x 2 / 5 , then y' — \ x -3 / 5 and y" = — A x -8 / 5 . 
The curve is rising on (0, oo) and falling on (—oo, 0). At 
x = 0 there is a local and absolute mínimum. There is 
no local or absolute máximum. The curve is concave 
down on (—oo, 0) and (0, oo). There are no points of 
inflection, but a cusp exists at x = 0 . 



y 




y 
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31. When y = , x then y' = -^ and 

3 \/x 2 + 1 3 (x 2 +1) 3/2 

y" = 2 ~ 3x 5/2 . The curve is increasing on (—oo, oo). 

There are no local or absolute extrema. The curve is 
concave up on (—oo, 0 ) and concave down on ( 0 , oo). 

At x = 0 there is a point of inflection. 

32. When y = 7 f , then y' = — ~^ x + 2) = and 

3 2x4-1 J (2x+l)Vl-x 2 

y" = ~ 4x3 T 12x ~ 4 . The curve is decreasing on 

(—1, — i) and (—1 l). There are no absolute extrrema, 
there is a local máximum at x = — 1 and a local minimum 
at x = 1. The curve is concave up on (—1, —0.92) and 
(-i 0.69), and concave down on (—0.92, — 4 ) and 
(0.69,1). At x ss —0.92 and x « 0.69 there are points of 
inflection. 

33. When y = 2x — 3x 2 / 3 , then y' = 2 — 2x _1 / 3 and 
y" = | x -4 / 3 . The curve is rising on (—oo, 0) and 

(1, oo), and falling on (0,1). There is a local máximum 
at x = 0 and a local minimum at x = 1. The curve is 
concave up on (—oo, 0) and (0, oo). There are no 
points of inflection, but a cusp exists at x = 0 . 


y 





34. When y = 5x 2 / 5 — 2x, then y' = 2x -3 / 5 — 2 = 2 (x ~ 3 / 5 — l) 
and y" = - | x™ 8 / 5 . The curve is rising on (0, 1) and 
falling on (—oo, 0) and (1, oo). There is a local minimum 

at x = 0 and a local máximum at x = 1. The curve is 
concave down on (—oo, 0) and (0, oo). There are no 
points of inflection, but a cusp exists at x = 0 . 

35. When y = x 2 / 3 (f - x) = § x 2 / 3 - x 5 / 3 , then 
y' = | x -1 / 3 - | x 2 / 3 = | x _1 / 3 (l - x) and 

y" = - | x " 4 / 3 - f x " 1 / 3 = - | x~ 4 / 3 (l + 2 x). 

The curve is rising on (0,1) and falling on (—oo, 0) and 
(1, oo). There is a local minimum at x = 0 and a local 
máximum at x = 1. The curve is concave up on (—oo, — -() 
and concave down on (— 4 ,0) and (0, oo). There is a point 
of inflection at x = — 4 and a cusp at x = 0. 



y 
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36. When y = x 2 / 3 (x — 5) = x 5 / 3 — 5x 2 / 3 , then 
y' = | x 2 / 3 - x ” 1 / 3 = | x" 1 / 3 (x - 2 ) and 

y" = f x ^ 1 / 3 + f x - 4 / 3 = f x~ 4 / 3 (x + 1). The curve 
is rising on (—oo, 0 ) and ( 2 , oo), and falling on ( 0 , 2 ). 
There is a local mínimum at x = 2 and a local máximum 
at x = 0. The curve is concave up on (—1,0) and (0, oo), 
and concave down on (—oo, —1). There is a point of 
inflection at x = — 1 and a cusp at x = 0 . 


37. When y = x \/8 — x 2 = x (8 — x 2 ) ' , then 

y' = (8 - x 2 ) 1/2 + (x) (i) (8 - x 2 ) _ 1 / 2 (— 2 x) 

= (8 - x 2 r 1/2 (8 - 2 x 2 ) = 2 ( 2-.*)(2 + x) and 

^(2v4 + x) (2</2-x) 

y" = (-i )(8 - x 2 )~/—2x)(8 - 2x 2 ) + (8 - x 2 p(-4x) 


. The curve is rising on (—2, 2), and falling 


_2x (x 2 — 12) 

~~ v/(8-x 2 ) 3 


on 2\j2, — 2^ and ^2,2^//) . There are local mínima 
x = — 2 and x = 2\fl, and local maxima at x = —2\J~2 and 
x = 2. The curve is concave up on (^—2\/2, 0^) and 

concave down on ^0, 2\//) . There is a point of inflection 
at x = 0 . 


38. When y = (2 - x 2 ) 3/2 , then y' = (§) (2 - x 2 ) 1 / 2 (-2x) 

= —3x \/2 — x 2 = — 3xy^^y /2 — x^) ^\fl + x^ and 
y" = (-3) (2 - x 2 ) 1/2 + (—3x) (i) (2 - x 2 )^ 1 / 2 (-2x) 

= —6(1 — x )(l + x) _ The curye j s r j s i n g on 

^/(^-x) (V^ + x) 

a/ 2, 0^ and falling on ^0, \/2j . There is a local 

máximum at x = 0, and local mínima at x = ± a/ 2. The 
curve is concave down on (— 1 , 1 ) and concave up on 

a/ 2, —1^ and ^1, a/ 2^ . There are points of inflection at 
x = ± 1 . 



39. When y = y/16 — x 2 , then y' = ^~ x - and 

y" = ( 16 _ 1 ^ 3/2 ■ The curve is rising on (—4,0) and falling 

on (0,4). There is a local and absolute máximum at x = 0 
and local and absolute mínima at x = —4 and x = 4. The 
curve is concave down on (—4,4). There are no points 
of inflection. 
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